Abstract. With the development of new, fully three-dimensional metallographic techniques, there is considerable interest in characterizing three-dimensional microstructures in ways that go beyond twodimensional stereology. One characteristic of grain structures is the surface of lowest energy across the microstructure, termed the critical manifold (CM). When the grain boundaries are sufficiently weak, the CM lies entirely on grain boundaries, while when the grain boundaries are strong, cleavage occurs. A scaling theory for the cleavage to intergranular transition of CMs is developed. We find that a critical length scale exists, so that on short length scales cleavage is observed, while at long length scales the CM is rough. CMs for realistic polycrystalline grain structures, determined by a network optimization algorithm, are used to verify the analysis.
Introduction
Grain boundaries do not exist in isolation. Rather, grain boundaries form an interconnected, threedimensional (3D) network with a characteristic topology. Therefore, many properties that depend upon grain boundaries are mediated by the characteristics of the boundary network. The emerging science of grain boundary engineering (GBE) strives to alter the boundary network to optimize properties such as corrosion resistance [1] , critical current density [2] , and strength [3] . Efforts in this direction are aided by the emergence of new, 3D microstructural characterization techniques [c.f. 4] and simulations [c.f. 5].
Networks may be characterized in many ways, from the familiar, local parameters of quantitative stereology to the long-range features of percolation clusters. One important characteristic of a network is its critical manifold (CM), the surface of localization of a strongly nonlinear process operating on the network. The CM is thus the spanning surface of lowest energy in a polycrystal subjected to some field, such as current, voltage, stress, or strain. One example of a CM is the minimum energy fracture surface that divides a polycrystal into two pieces. Others include intergranular corrosion surfaces, dielectric trees (spanning surfaces of dielectric breakdown), current paths in polycrystalline varistors, and isovoltage surfaces in ceramic superconductors and Josephson junction arrays. Because CMs influence a broad variety of material properties, identifying and characterizing them is an important challenge in 3D materials science.
We note that the CM is related to, but different from, a percolation cluster. Percolation occurs when a path traverses the system; the CM occurs when a surface separates the system.
In this paper, we describe an efficient method for identifying the CM in digitized polycrystalline microstructures. We apply this algorithm to find the CM for equiaxed polycrystals where the boundary and bulk cohesive energies vary. Finally, we analyze the scaling of the CM energy as the morphology changes from cleavage to mixed to intergranular. Our results provide insight into the influence of boundary network characteristics on CM-mediated processes such as brittle fracture.
Max-Flow / Min-Cut Algorithm for Finding Critical Manifolds
To identify the CM, we represent a discretized microstructure as a graph, where the volume elements are nodes of the graph, and bonds between neighboring elements are the edges of the graph, as shown in Fig. 1 . Each edge is given a capacity that corresponds to the cohesive energy of that bond; edges that connect nodes within the same grain have capacity E b , and edges that span a grain boundary have capacity E g . The bond contrast ε is the ratio of these energies, i.e. ε = E g /E b . The top and bottom surfaces of the sample are defined as source and sink nodes. The maximum flow (max-flow) a network can sustain is the largest numerical flow that can move from the source to the sink, node to node via the connecting edges, with no edge carrying more flow than its capacity. The minimum cut (min-cut) is the separation of the network into two networks, with the source in one new network and the sink in the other, such that the sum of the capacities of the broken edges is minimal. Ford and Fulkerson [6] proved that the max-flow in a network occurs across the min-cut and developed a polynomial-time algorithm to determine the max-flow. Edmonds and Karp [7] modified the algorithm to guarantee convergence in the case of non-integer capacities. The max-flow/min-cut algorithm proceeds by associating a flow value with each edge in the network, initially set to zero. An attempt is made to push an infinite amount of flow out of the source, limited by the available capacities of the edges leaving the node. This process is repeated for each node reached by the new flow until some incremental flow reaches the sink. When this happens the flow values of all edges in the path that this new flow took are updated to reflect the increase. This procedure is repeated, each time augmenting the flow from the source to the sink, until a path to push even the smallest flow increase to the sink cannot be found. The resulting flow reaching the sink is the maxflow, and also the value of the min-cut.
For a grain structure graph, the CM is the surface that divides the graph into two pieces while cutting edges with the minimum total edge capacity, i.e. the min-cut. Therefore, the max-flow/min-cut algorithm can provide both the position and formation energy of the CM.
All grain structures in this study were 3D, equiaxed, polycrystalline microstructures produced using a Monte Carlo Potts Model grain growth simulation [c.f. 5]. Microstructures were discretized into a cubic lattice of L x L x L volume elements, with edges connecting the six nearest neighbor elements. Although the CM algorithm can operate on digitized experimental microstructures, simulated
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Journal Title and Volume Number (to be inserted by the publisher) 3 microstructures were used to allow a consistent 3D representation and to ensure equivalence between specimens. For these simulations, we utilize a fast max-flow/min-cut algorithm, described in [8, 9] . Figure 2 shows typical CMs for an equiaxed polycrystal comprised of 100x100x100 volume elements.
Characterization of Critical Manifolds
When grain boundaries are strong (i.e. ε → 1), the CM is a flat, cleavage plane that cuts through grains [ Fig. 2(a) ]. When ε = 1, the degeneracy of equivalent CMs is large; however as ε decreases, the cleavage surface that incidentally contains the most grain boundary edges is uniquely favored. As ε decreases further, the CM begins to deviate around small grains along their boundaries, in order to incorporate more weak bonds [ Fig. 2(b) ]. Large grains continue to cleave; thus, the CM is a mixed, cleavage/intergranular surface. When grain boundaries become very weak (i.e. ε → 0), the CM follows grain boundaries and is entirely intergranular [ Fig. 2(c) ]. Figure 3 plots the area of the CM, normalized by the cross-sectional area, A = L 2 , as a function of ε. The same three regimes are apparent. For 1 ≥ ε > 0.6, the CM is a nearly perfect cleavage surface. When 0.6 > ε >0.4, the CM is mixed, and its area varies dramatically with ε. Finally, when ε < 0.4, the CM is intergranular, with a large area that does not vary strongly with ε. The sharpness of the transition between cleavage and intergranular regimes resembles a phase transformation. Considering the CM as a minimum energy fracture surface in a brittle polycrystal, we expect to observe a transition from cleavage to mixed mode to purely intergranular fracture as the cohesive energy of the grain boundaries decreases with respect to the bulk. Such a morphological change in fracture surface is indeed observed experimentally as grain boundaries are weakened, for instance through doping.
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Title of Publication (to be inserted by the publisher) Figure 3 . The area of a CM, normalized by the cross-sectional area, A = L 2 , as a function of ε for the polycrystal shown in Fig. 2 . As ε decreases, the CM changes from primarily cleavage (normalized area = 1) to primarily intergranular (normalized area ~ 2).
Scaling of Critical Manifolds
Observation of the transitions in CM morphology suggests scaling analyses for these surfaces [10] . For GBE applications, one important parameter is the energy of the CM, which corresponds to the cohesive energy for fracture. CM energy as a function of ε is shown in Fig. 4 . For low ε, the CM is intergranular. We analyze it using an extension of the scaling laws for random bond Ising domain walls [11, 12] ; however, where the lattice constant for an Ising magnet is one volume element, the effective lattice constant for a polycrystal failing along grain boundaries is the average grain size, g. Thus, the effective system size is λ = L/g, and we can write the energy of the CM, in units
where d is the dimension, θ is a universal exponent equal to 0.82 in 3D [13, 14] , and a 1 and a 2 are nonuniversal constants that depend on system disorder [10] . Analysis of the data shows that a 2 λ θ is small, so that the CM energy divided by the cross-sectional area A = L d-1 is linear in the bond contrast. This regime is relevant for ε ≤ ε ~ 1/3 [10] . At the other extreme, as ε → 1, the CM is a cleavage plane with energy
where f is the fraction of grain boundary bonds located on the CM. In a continuum system, the fraction of grain boundary bonds that would be expected to fall exactly within a cleavage plane approaches zero; thus, the CM energy would be constant. However, in these discretized systems, boundaries are facetted, so that some fraction of boundaries always lies within the cleavage plane. We find that this fraction is constant; thus Eq. (2) indicates that CM energy is linear with ε in the cleavage regime. However, as noted below, this regime is strictly valid only for ε = 1.
In the mixed regime, the CM cleaves unfavorably oriented grains and goes around favorably oriented grains. An unfavorable grain is one that costs too much energy to go around, due to its size and position with respect to the CM. A perfect cleavage surface contains only unfavorable grains. However, no matter how small the bond contrast, in a sufficiently large, disordered system, there will always be some favorable grains. Thus, the mixed regime must occupy the bond contrast range ε < ε <1. The linearity of the CM energy curve as ε → 1 arises from the finite system size used in these models, which are not sufficient to resolve the mixed nature of the CM when favorable grains become rare. The critical length L c below which the CM is planar and above which it is mixed may be derived as
where b and y are unknown parameters [10] . Because L c depends exponentially on ε / (1 -ε), the critical length increases sharply with ε, and cleavage fracture with energy given by Eq. (2) is observed in typical systems even for relatively small ε (down to about ε = 0.7 in these simulations). As ε decreases further, favorable grains increase in frequency, the observed CM roughens, and the CM energy deviates from linearity. From a fracture point-of-view, Eqs. (1) and (2) provide the cohesive energy for intergranular and cleavage fracture respectively, which covers a broad range of boundary strengths. In the mixed mode regime, the fracture energy depends on the system size and whether a critical flaw -in this case, a favorable grain -is contained in the sample. Thus, Eq. (3) is a basis for R-curve behavior in the cohesive energy for polycrystalline fracture. 
Conclusions
A number of material properties depend on the characteristics of the three-dimensional grain boundary network. The critical manifold, which is the spanning surface of lowest energy in a network, is one such parameter. We present an efficient algorithm for finding the critical manifold in threeMaterials Science Forum Vols. 467-470 1043 dimensional, discretized polycrystals obtained from simulation or experiment. For equiaxed polycrystals, we find that the morphology of the critical manifold changes from cleavage to mixed to intergranular as the grain boundary strength decreases with respect to the bulk strength. The energy of the critical manifold mirrors these transitions; it is linear with respect to the strength ratio in the pure cleavage and intergranular regimes, and nonlinear in the mixed regime. We find that in the mixed regime, there is a critical system size below which the critical manifold is smooth and above which it is rough. Because this critical size increases exponentially with the strength ratio, cleavage is observed for a wide range of strength ratios in finite systems. These results agree with observations of brittle fracture, including fracture surface morphology transitions and R-curve behavior.
